For a given entwining structure involving an algebra A, a coalgebra C, and an entwining map ψ : C ⊗ A → A ⊗ C, a category of right (A, C, ψ)-modules is defined and its structure analysed. It is shown that in the case of the canonical entwining structure of a C-Galois extension A of an algebra B this category is equivalent to the category of left B-modules if and only if A is faithfully flat as a left B-module. Left modules E and right modulesĒ associated to a C-Galois extension A of B are defined. These can be thought of as objects dual to fibre bundles with coalgebra C in the place of a structure group, and a fibre V . Cross-sections of such associated modules are defined as module maps E → B orĒ → B. It is shown that they can be identified with suitably equivariant maps from the fibre to A. Also, it is shown that a C-Galois extension is cleft if and only if A = B ⊗ C as left B-modules and right C-comodules. The relationship between modules E andĒ is studied in the case when V is finite-dimensional and in the case when the canonical entwining map is bijective.
Introduction
The notion of a Hopf-Galois extension arouse from the works of Chase and Sweedler [10] and Kreimer and Takeuchi [18] (see [22] for a review). From the geometric point of view, a Hopf-Galois extension is a dualisation of the notion of a principal bundle and thus it is a cornerstone of the Hopf algebra or quantum group gauge theory. Such a gauge theory, in the sense of connections, gauge transformations, curvature etc. on Hopf-Galois extensions was proposed in [5] and later developed in [17] [7] [3] . Also, the notion of a quantum fibre bundle as a module associated to the Hopf-Galois extension was introduced in [5] . This led to quantum group version of objects important in classical gauge theory such as sections or matter fields. Slightly different approaches to quantum group gauge theory, which take principal bundles as a framework of such a theory but do not use the Hopf-Galois extensions explicitly, were also proposed in [15] , [23] .
Motivated by the structure of quantum homogeneous spaces, the notion of a C-Galois extension A of an algebra B was recently introduced [6] as an object dual to a principal bundle on such a space. This has been done by requiring that A and C admit an entwining structure specified by a map ψ : C ⊗ A → A ⊗ C satisfying a set of (self-dual) conditions (cf. Definition 2.3). A gauge theory, in the above sense, on such a C-Galois extension was developed. In the present paper we define V C-extensions as modules associated to CGalois extensions. These can be viewed as "coalgebra fibre bundles". Our construction is motivated by a recent development of quantum and braided group Riemannian geometry in [20] and is a starting point for a more general coalgebra Riemannian geometry which is presented in [8] .
In the next section we recall basic facts about C-Galois extensions which, as shown in [4] , are natural generalisation of Hopf-Galois extensions. We also give a definition of C-Galois automorphisms and show that they are equivalent to maps C → A satisfying certain covariance condition which reduces to the ad-covariance in the Hopf-Galois case. In Section 3 we analyse the structure of the category M C A (ψ) of (right) (A, C, ψ)-modules which are a natural generalisation of right (A, H)-Hopf modules. We show that for a C-Galois extension A(B, C) and its canonical entwining map ψ the category M C A (ψ) is equivalent to the category M B of right B-modules if and only if A is faithfully flat as a left B-module. In Section 4 we define a V C L -extension E of B by associating a left C-comodule V to a C-Galois extension A of B, and analyse its properties. We show that a C-Galois extension can be viewed as a V C L -extension with V = C. We also show that a V C L -extension associated to a cleft extension of B is isomorphic to B ⊗ V as a left B-module. We define cross-sections as left B-module maps E → B and prove that they are equivalent to maps V → A, suitably equivariant under ψ if A is faithfully flat as a right B-module. Using this result and interpreting a C-Galois extension A of B as a V C L -extension we prove that A is cleft if and only if it has a normal basis property, i.e. it is isomorphic to B ⊗ C as a left B-module and right C-comodule.
Contrary to the Hopf-Galois case, module E associated to a C-Galois extension is no longer a B-bimodule but only a left B-module. On the other hand the space of sections on E is a right B-module. In Section 5 we present a different method of associating a module to A(B, C). Using this method we construct a right B-moduleĒ termed a V C R -extension. This time V is a right C-comodule. We define sections onĒ as right B-module mapsĒ → B and show that they are equivalent to right C-comodule maps V → A. The space of sections and the corresponding space of intertwiners has a left B-module structure. In Section 6 we analyse the relationship between V C L and V C R extensions. In particular we show that if V is a finite dimensional left C-comodule then the right B-module of sections on E is isomorphic to a V * C R -extension of B, where V * is a right C-comodule dual to V . The paper is completed with an appendix in which dual version of the above results is presented.
Notation. Throughout the paper k denotes a field. All algebras are over k, associative and unital with the unit denoted by 1. All algebra homomorphisms are assumed to be unital. We use the standard algebra and coalgebra notation, i.e., ∆ is a coproduct, µ is a product, ε is a counit, etc. The identity map from the space V to itself is also denoted by V . The unadorned tensor product stands for the tensor product over k. For a k-algebra A we denote by M A ( A M) the category of right A-modules (left A-modules). For a right (left) A-module the action is denoted by µ V ( V µ) whenether it needs to be specified as a map, or by a dot between elements. Similarly, for a k-coalgebra C we denote by M C ( C M) the category of right C-comodules (left C-comodules). A right (left) coaction of C on V is denoted by ∆ V ( V ∆). Also, by A Mod C we denote the category of (A, C)-bimodules, i.e. left A-modules with the action V µ and right C-comodules with the coaction ∆ V such that
Similarly one defines the category C Mod A , the objects of which are left C-comodules and right A-modules such that the coaction is right A-linear. For coactions and coproducts we use Sweedler's notation with suppressed summation sign:
For an algebra A and a coalgebra C we denote by * the convolution product in Hom(C, A), i.e. f * g(c) = f (c (1) )g(c (2) ) for any f, g ∈ Hom(C, A) and c ∈ C. The convolution product makes Hom(C, A) into an associative algebra with unit ε (viewed as a map C → A via the unit in A). An element f ∈ Hom(C, A) is said to be convolution invertible if it is invertible with respect to * .
C-Galois extensions and their automorphisms
First recall the definition of a coalgebra Galois extension from [4] Definition 2.1 Let C be a coalgebra, A an algebra and a right C-comodule, and B a subalgebra of A, B := {b ∈ A | ∀a ∈ A ∆ A (ba) = ba (0) ⊗ a (1) }. We say that A is a coalgebra Galois extension (or C-Galois extension) of B iff the canonical left A-module right C-comodule map
Definition 2.1 generalises the notion of a Hopf-Galois extension (see [22] for a review). The latter is a C-Galois extension with C = H being a Hopf algebra and A a right Hcomodule algebra.
Example 2.2 Let C be a coalgebra, A be a right C-comodule and let B be as in Definition 2.1. If there exists a convolution invertible map Φ : C → A such that
then A is a C-Galois extension of B. This extension is called a cleft extension and Φ is called a cleaving map. (2) ) is an inverse of can (cf. [6, Proposition 2.9]). ⊔ ⊓ An important role in the analysis of coalgebra Galois extensions is played by the notion of an entwining structure [6] (closely connected with the theory of factorisation of algebras [19] ). Definition 2.3 Let C be a coalgebra, A an algebra and let ψ be a k-linear map ψ :
Proof. One easily verifies that the map
where η is the unit map η : α → α1. Then C and A are said to be entwined by ψ and the triple (A, C, ψ) is called an (right) entwining structure.
We will use the notation ψ(c ⊗ a) = a α ⊗ c α (summation over α is understood). In this notation conditions (1) and (2) take the following explicit form
for any a, a ′ ∈ A and c ∈ C. For an entwining structure (A, C, ψ) we denote by M 
The morphisms in M C A (ψ) are right A-module and right C-comodule maps. The structure of M C A (ψ) is studied in the next section. Here we only point out that an important consequence of the axioms of an entwining structure (A, C, ψ) is that for any linear map
, thus the comodule structure of A is determined by the action of the coaction on the unit, and by ψ. For example, if there is a group-like e ∈ C the mapη can be defined byη(1) = 1 ⊗ e (c.f. [6] ). Another consequence of the axioms of an entwining structure (A, C, ψ) is that for any linear map κ :
) and κ • (C ⊗ η) = ε the coalgebra C is an object in M C A (ψ) with the coaction ∆ and the action
In this case one easily finds that κ = ε • µ C .
It is shown in [4] that every C-Galois extension induces a unique entwining map
where τ : C → A ⊗ B A is a translation map, i.e. τ (c) = can −1 (1 ⊗ c). We call this ψ the canonical entwining structure associated to the C-Galois extension. With the help of the notation τ (c) = c
(1) ⊗ c (2) (summation understood), one can write explicitly
Notice thatη = ∆ A • η. For example, for a Hopf-Galois extension A(B, H), ψ : h ⊗ a → a (0) ⊗ ha (1) .
Lemma 2.4 Let A(B, C) be a cleft extension with a cleaving map
where ψ is the canonical entwining map and Φ −1 is the convolution inverse of Φ.
Proof. The lemma follows from the equality Finally, a left B-module and right C-comodule automorphism F : A → A is called a C-Galois automorphism. We denote by Aut Gal (A(B, C)) a multiplicative group of CGalois automorphisms with the product given by the inverted composition. We now give a different description of Aut Gal (A(B, C))
where ψ is the canonical entwining map. The product in C(A) is a convolution product.
Proof. First note that if f satisfies (6) then so does its convolution inverse f −1 . Indeed, for all c ∈ C one has
Applying f −1 ⊗ A ⊗ C to the above equality and multiplying first two factors one thus finds that f −1 satisfies (6) as claimed. Also ε viewed as a map C → A via the unit in A satisfies (6) . Therefore C(A) is a group with respect to the convolution product as claimed. Take f ∈ C(A) and define F :
Similarly one verifies thatF • F = A.
To prove the converse we first list some properties of the translation map.
Lemma 2.6 Let A(B, C) be a coalgebra Galois extension with the translation map τ : 2) . Then for all c ∈ C and a ∈ A:
Proof. The first three assertions are an obvious generalisation of [3, Proposition 3.9] or [27, Remark 3.4] . Assertion (4) is obtained by applying A ⊗ B A ⊗ τ to (3), multiplying two middle factors and then using (2) . ⊔ ⊓ Now take a C-Galois automorphism F and define f : 2) ). Then, using the definition of a canonical entwining map (5), Lemma 2.6(4), Lemma 2.6(3), and the fact that F is a morphism in B Mod C one finds 2) ). We show thatf is the convolution inverse of f . For all c ∈ C we have
(0) )c
(
We used Lemma 2.6(3) to derive the second equality, the fact that F is a right C-comodule map to derive the third one, then Lemma 2.6(2) and Lemma 2.6(1) to derive the fourth and the last equalities. Similarly one shows thatf * f = ε and concludes that f ∈ C(A) Therefore we have constructed a map from C(A) to Aut Gal (A(B, C)) as well as a map from Aut Gal (A(B, C)) to C(A). It is an easy exercise which uses definition of the translation map and Lemma 2.6(2) to show that they are inverses to each other. Then the argument similar to the one used in the proof of [3, Corollary 5.3] shows that Aut Gal (A(B, C) ) and C(A) are isomorphic to each other as groups. Proof. The isomorphism and its inverse are:
where Φ is the cleaving map. It is an easy exercise which uses properties of Φ in Example 2.2 and Φ −1 in Lemma 2.4 to show that the above maps are indeed well-defined and inverses of each other, and that they respect the convolution product. Thus the completion of the proof is left to the reader. ⊔ ⊓ 3. The structure of (A, C, ψ)-modules In this section we analyse the structure of the category M C A (ψ) of (A, C, ψ)-modules, i.e. right A-modules and right C-comodules characterised by (3) . This category can be viewed as a natural generalisation of the categories well-studied in the Hopf algebra theory.
Example 3.1 (1) Let C = H be a Hopf algebra, A be a right H-comodule algebra and let ψ :
(2) Let A = C = H be a Hopf algebra and let the entwining map ψ :
is the category of right-right Yetter-Drinfeld modules introduced in [30] , [24] . 
Proof. (1) Take any m ∈ M, c ∈ C and a ∈ A and compute
where the property (2) was used in derivation of the second equality.
. Conversely, if m satisfies the above condition then for all a ∈ A we have
The following proposition is a generalisation of [26, Theorem 3.7] which was formulated in [26] for a special class of (A, C, ψ)-modules. (1) A(B, C) is a C-Galois extension with the canonical entwining map ψ and A is faithfully flat as a left B-module.
Proof. The proof of the proposition follows closely the proof of [26, Theorem 3.7] .
(2) ⇒ (1) Recall that a left B-module A is faithfully flat iff the functor −⊗ B A : M B → Vec is exact and reflects exact sequences (cf. [2] ). In the situation of the proposition this is precisely the induction functor V → V ⊗ B A. Since the latter is an equivalence and the sequences of (A, C, ψ)-modules are exact if and only if they are exact as sequences of vector spaces we conclude that A is faithfully flat as a left B-module. Next take M = A ⊗ C viewed as an (A, C, ψ)-module as in Lemma 3.2(1). Lemma 3.3(2) implies that (A ⊗ C) 0 consists of all elements of the form a1 (0) ⊗ 1 (1) and thus it is isomorphic to A as a left A-module and right B-module. Taking this isomorphism into account the adjunction Ψ A ⊗ C given by (8) is the same as the canonical map can, therefore A is a C-Galois extension of B.
(1) ⇒ (2) We will show that the adjunctions Ψ M and Φ V are bijective. For any right
The top row is a defining sequence of M 0 as given in Lemma 3. 
The maps in the top row are Proof. We will show that under the hypothesis of the proposition the functor M → M 0 discussed in Proposition 3.4 is an equivalence and then use Proposition 3.4 to deduce the assertion. First notice that for all a ∈ A, we have
). This map is clearly an inverse of the adjunction Φ V . Now consider the commutative diagram (9) . If A is flat as a left B-module then the top sequence is exact and thus Ψ M is bijective. Therefore the equivalence of categories holds in this case. On the other hand we have an exact sequence
The elements of (M ⊗ B A) 0 are characterised by the
It is an easy exercise to verify that this map is an inverse of the canonical inclusion M 0 ⊗ B A ֒→ (M ⊗ B A) 0 . Thus we conclude that also in this case the top sequence in (9) is exact so that the equivalence of categories is established. ⊔ ⊓ 4. Associated modules A2 C V In this section we construct a left B-module E for each C-Galois extension A of B and a left C-comodule V , and then study the properties of E. This construction is a very general algebraic dualisation of associating of a fibre bundle to a principal bundle.
First recall the definition of a cotensor product [21] . Let C be a coalgebra and
Definition 4.1 Let A(B, C) be a C-Galois extension and let V be a left C-comodule. We call the vector space
Since A(B, C) can be viewed as an object dual to a (generalised) principal bundle and V is dual to a representation of a "structure group", E can be viewed as an object dual to a fibre bundle associated to a principal bundle. This interpretation is supported by the following
and thus we conclude that i ba
Proof. This lemma follows immediately from the right-handed version of [16, Lemma 2.2*] which implies that A = A2 C C, where C is viewed as a left C-comodule via the coproduct. We remark that the unit 1 ∈ A is viewed as
Proposition 4.4 Assume that C = H is a Hopf algebra with a bijective antipode and that V is a left H-comodule algebra. The left V -extension associated to the Hopf-Galois extension B ֒→ A is an associated quantum fibre bundle in the sense of [5]
Proof. Recall form [5, Appendix] that a quantum fibre bundle E associated to a HopfGalois extension B ֒→ A is defined as a fixed point subalgebra of A ⊗ V , where V is a right H op -comodule algebra, under the tensor product coaction
In short E := (A ⊗ V ) coH . If H has an invertible antipode then V can be viewed as a left H-comodule algebra with the coaction [9] where quantum fibre bundles as a cotensor product are analysed). ⊔ ⊓ Proposition 4.5 A left V -extension E associated to a cleft C-Galois extension A(B, C) is isomorphic to B ⊗ V as a left B-module.
Proof. Assume that A(B, C) is cleft with the cleaving map Φ : C → A. Consider two maps Θ :
First we show that ImΘ ⊆ E. Since Φ is an intertwiner and ∆ A is left-linear over B one easily verifies that ImΘ ⊆ ker ℓ AV = E. Similarly the fact that A ∈ M C A (ψ) and Lemma 2.4 imply that for all a ∈ A, a (0) Φ −1 (a (1) ) ∈ B (cf. proof of [6, Proposition 2.9]). Thus ImΘ ⊆ B ⊗ V . In this way we have shown that Θ :
Similarly one shows that Θ •Θ = E. ⊔ ⊓ 
where ψ : C ⊗ A → A ⊗ C is the canonical entwining map associated to A(B, C). Proof. It needs to be shown that for all b ∈ B and ϕ ∈ Hom ψ (V, A), ϕ · b ∈ Hom ψ (V, A), i.e. that if ϕ satisfies (11) then so does ϕ · b. Take any v ∈ V and compute
as required. ⊔ ⊓ Now we can establish an important equivalence between Hom ψ (V, A) and crosssections of E. Proof. Given ϕ : V → A satisfying (11) define
By definition s is a left B-module map. To see that the output of s is in B as claimed take x = i a i ⊗ v i ∈ E, a ∈ A and compute
Since A ∈ M C A (ψ) we could use (3) to establish the second equality. The fact that x ∈ A2 C V allowed us to derive the third equality while the assumption (11) about ϕ was used in obtaining the last one. Thus we conclude that the output of s is in B as stated.
Lemma 2.6(3) ensures that v (−1)
Thus, given a cross-section s : E → B we can define the map
To verify condition (11) we use definition of the canonical entwining structure (5) to compute
Now, Lemma 2.6(4) yields
as required. Equation (12) (V, A) . It remains to be proven that θ andθ are inverses to each other and that θ, say, is a right B-module morphism. We start with the former. Take a cross-section s and i a i ⊗ v i ∈ E, and compute
where we used the fact that i a i ⊗ v i ∈ E to derive the third equality and Lemma 2.6(2) to obtain the last one. Similarly we take ϕ ∈ Hom ψ (V, A) and v ∈ V and computẽ
The last equality follows from Lemma 2.6(1) ). We now assume that there is a unital B-bimodule map s : A → B and let ϕ = θ −1 (s). Since s is unital 1 (0) ϕ(1 (1) 
) = s(1) = 1. Furthermore for any b ∈ B and c ∈ C we have
where we used the definition of the canonical entwining structure to derive the first equality, then Lemma 2.6(2) to derive the third one and the right B-module property of s to obtain the last equality. Thus we conclude that ϕ satisfies all the assumptions of Proposition 3.5 and hence the assertion follows. ⊔ ⊓ Next on can establish the equivalence between a certain class of cross-sections of A(B, C) and cleaving maps. Assume now that there exists s ∈ Hom B− (E, B) such that the mapŝ is bijective. Since s is a left B-module map,ŝ is a morphism in B Mod C , where B ⊗ C is viewed as an object in B Mod C via µ ⊗ C and B ⊗ ∆. This implies that alsoŝ −1 is a morphism in B Mod C . Note also that s = (B ⊗ ε)•ŝ. Using Theorem 4.8 we considerΦ ∈ Hom ψ (C, A) given byΦ = θ −1 (s), and also a map Φ : C → A, Φ : c →ŝ −1 (1 ⊗ c). We will show that Φ andΦ are convolution inverses to each other. For any c ∈ C one has
Next Lemma 2.6(2) gives
On the other hand, for all a ∈ A, one finds
Making use of Lemma 2.6(2) and the fact thatŝ −1 is a left B-module map one concludes
Finally, using definition of the translation map one obtains for all c ∈ C
(1) )Φ(c
From the fact thatΦ ∈ Hom ψ (C, A) it is clear that its convolution inverse Φ is an intertwiner. Thus we have proven that A(B, C) is cleft. ⊔ ⊓ Proof. The first statement follows immediately from Proposition 4.10 sinceŝ is a morphism in B Mod C . To prove the second statement we will show that the adjunctions Φ V and Ψ M given by (7) and (8) 
This map is clearly an inverse of Ψ M . Finally, we show that the map
is the inverse of the adjunction Φ V for any V ∈ M B . For any v ∈ V we havẽ
Next take any
Therefore the required equivalence of categories is established. ⊔ ⊓
Associated modules (V ⊗ A) 0
In this section we construct a right B-moduleĒ for each C-Galois extension A of B and a right C-comodule V , and then study properties ofĒ. This construction is another algebraic dualisation of associating of a fibre bundle to a principal bundle. (1) . In the case of a Hopf-Galois extension if V is a right comodule algebra the above definition ofĒ coincides with the definition of a quantum associated fibre bundle in [17, Definition A.1] . Thus, similarly as in Section 5, the constructed right moduleĒ can be viewed geometrically as an object dual to a fibre bundle associated to a principal bundle of which A(B, C) is a dual object.
Definition 5.1 Let A(B, C) be a coalgebra Galois extension and let V be a right Ccomodule. Let ψ be the canonical entwining map. Then V ⊗ A is viewed as an (A, C, ψ) module as in Lemma 3.2(2). Right B-moduleĒ = (V ⊗
A
Right B-moduleĒ consists of all elements
i v i ⊗ a i ∈ V ⊗ A such that i v i (0) ⊗ ψ(v i (1) ⊗ a i ) = i v i ⊗ a i 1 (0) ⊗ 1
Proposition 5.2 A right V -extensionĒ of B associated to a cleft C-Galois extension A(B, C) is isomorphic to V ⊗ B as a right B-module.
Proof. The isomorphism and its inverse are:
To see that the output of the first of these maps is inĒ we compute
where we used (1) and Lemma 2.4. To verify that the output of the second of the above maps is in V ⊗B we use the fact that A is an (A, C, ψ)-module and that Φ is an intertwiner to compute
It is obvious that the above maps are inverses to each other and that they are right B-module homomorphisms. ⊔ ⊓ 
Theorem 5.4 LetĒ be a right V -extension of B associated to A(B, C). If A is faithfully flat as a left B-module then Hom
Proof. We first prove the left B-module isomorphism Hom
, where the former is the space of right A-module and right C-comodule maps V ⊗ A → A with an obvious left B-module structure. Here V ⊗ A has a right C-comodule structure as in Lemma 3.2(2). For any s ∈ Hom
Since s is a right C-comodule map we have that ϕ ∈ Hom −C (V, A). Conversely, given
Clearly, s is a right A-module map. Also for any v ∈ V , a ∈ A we have
A). Thus we constructed maps Hom
It is an easy exercise to verify that they are inverses to each other and that they preserve the left B-module structure. Now observe that Hom 
Bijectivity of ψ and the relationship between E andĒ
In this section we study a relationship between left and right V -extensions. In particular we show that if V is finite dimensional then a left V -extension can be identified with a module of sections on right V * -extension, and vice versa. Also we show that if the canonical entwining map ψ is bijective then A2 C V can be identified with the space of coinvariants 0 (A ⊗ V ) of the left coaction of C on A ⊗ V . The module 0 (A ⊗ V ) can be then viewed asĒ for the left C-Galois extension A of B.
If V is a left C-comodule we equip the dual vector space V * with the right C-comodule structure in the standard way, i.e. for all v ∈ V and v * ∈ V * we require
where ·, · : V * ⊗ V → k denotes the pairing which we assume to be non-degenerate. 
The linear map ϕ is a right C-comodule map if and only if for all
v * ∈ V * i a i (0) v * , v i ⊗ a i (1) = i a i v * (0) , v i ⊗ v * (1) = i a i v * , v i (0) ⊗ v i (−1) .
Since the pairing is non-degenerate this is equivalent to
Clearly this identification is an isomorphism of right B-modules. We have
On the other hand ϕ(v) Proof.
(1) By Proposition 6.1 one identifies E with Hom −C (V * , A) and also Hom ψ (V, A) with a right V * extension of B and then applies Theorem 5.4 to deduce the isomorphism of left B-modules.
(2) By Proposition 6.1 one identifiesĒ with Hom ψ (V * , A) which by Theorem 4.8 is isomorphic to the right module of cross-sections Hom B− (A2 C V * , B). Then one applies Proposition 6.1 again to deduce the required isomorphism. ⊔ ⊓ Remark 6.3 For any left V extension E associated to any C-Galois extension A(B, C) there is a left B-module map E → Hom −B (Hom ψ (V, A) 
The remaining part of this section is devoted to studies of the relationship between E andĒ in the case when the canonical entwining map is bijective. (2) ) and its inverse is ψ
Example 6.4 is verified by a straightforward computation. The following theorem determines when the canonical entwining map is bijective in the case of a Hopf-Galois extension (cf. [4, Remark 2.10]).
Theorem 6.5 For a Hopf-Galois extension A(B, H) the canonical entwining map ψ is bijective if and only if the antipode S : H → H is bijective. The inverse of ψ is
To prove the theorem we will need the following Lemma 6.6 Let A(B, C) be a C-Galois extension and assume that the canonical entwining map ψ is bijective. Then:
Proof. Assertion (1) is proven in the way analogous to the proof that ψ induces a right Ccoaction on A via ∆ A (a) = 1 (0) ψ(1 (1) ⊗a). To prove (2) notice that can L = ψ −1 •can thus it is well defined and a bijection. Next take a ∈ A and b ∈ B,
Equations (14) and (15) describe covariance properties of the translation map under the left coaction induced by ψ −1 (and are valid for any C-Galois extension with a bijective canonical entwining map). The explicit form of the canonical entwining map in the case of a Hopf-Galois extension,
Finally, in the way analogous to the proof of the main theorem in [25] , we show that the mapS :
(0) has the properties
and thusS(h) = S −1 h ⊗ 1. To prove the first of equations (16) we apply the map
where we used the fact that A op is a left H-comodule algebra and Lemma 2.6(1). To prove the second of equations (16) we use the π-method of [14] . Thus we observe that for any right A-module M there is a linear isomorphism π : Hom(H, M) → Hom −B (A, M) given by π(ϕ)(a) = ϕ(a (−1) ) · a (0) , and its inverse is π 2) (to verify this fact one might use (14) ). Consider ϕ, ϕ ′ ∈ Hom(H, H ⊗ A) given by
For any a ∈ A we have,
where we used property (14) to derive the penultimate equality. This proves the second of equations (16) . One also defines a functor
where the left coaction is given by
where we used the notation ψ −1 (a ⊗ c) = c α ⊗ a α . In particular this implies that 0 (A ⊗ V ) is a left B-module. 
To prove the second inclusion one repeats above steps in a reversed order.
The proof of (2) is analogous to (1) . ⊔ ⊓ Lemma 6.6 shows that any right C-Galois extension (i.e. with a right coaction) that admits bijective entwining map can be viewed equivalently as a left C-Galois extension (i.e. with a left coaction). Then Proposition 6.7 yields that the module E associated to a right C-Galois extension A(B, C) plays the role ofĒ when A(B, C) is viewed as a left CGalois extension. Similarly, the moduleĒ associated to the right extension corresponds to E when A(B, C) is viewed as a left C-Galois extension.
Appendix. Dual results
In this appendix we give dual version of the results described in Sections 2-6. Dual counterparts of propositions, definitions etc. given above are numbered with the same numbers decorated with stars. Proofs can be obtained by simple but not always automatic dualisation of proofs in Sections 2-6. Thus we do not give them but only indicate the key points.
Definition 2.1* Let A be an algebra, C a coalgebra and a right A-module with action µ C , and B = C/I C , where I C ⊆ C is given by
We say that C is an algebra Galois coextension (or A-Galois coextension) of B iff the canonical left C-comodule right A-module map
is bijective. Here the coaction equalising map
is a canonical surjection. Such an A-Galois coextension is denoted by C(B, A).
Note that B is a coalgebra (cf. Lemma 3.3*). It is shown in [4] that every A-Galois coextension induces a unique entwining map ψ :
whereτ : C2 B C → A,τ := (ε ⊗ C) • cocan −1 is the cotranslation map. We call this ψ the canonical entwining structure associated to an A-Galois coextension. Explicitly one can write
The coextension C(B, A) is cocleft if there exists a convolution invertible, right Amodule map Φ : C → A (cf. [1] , [11] ). The fact that Φ(c · a) = Φ(c)a implies Lemma 2.4*Let C(B, A) be a cocleft Galois coextension with a cocleaving map Φ. Then
Proof. The assertion of lemma explicitly reads a α Φ −1 (c α ) = Φ −1 (c (1) )ε(c (2) · a) and can be proven as follows. First notice that since Φ is a right A-module map, Φ −1 (c (1) )Φ(c (2) · a) = ε(c)a. Explicitly in terms of the entwining structure this means that ε(c (2) A left B-comodule and right A-module automorphism F : C → C is called an AGalois automorphism. The space of A-Galois automorphisms has the multiplicative group structure given by the composition of maps, and is denoted by Aut Gal (C(B, A) ).
Theorem 2.5* The group Aut Gal (C(B, A) ) of A-Galois automorphisms is isomorphic to a group A(C) of convolution invertible maps f : C → A such that
where ψ is the canonical entwining map. The product in A(C) is the convolution product.
Notice that the condition (6*) defining A(C) can be also understood as a twisted commutativity condition, since it explicitly reads for any a ∈ A and c ∈ C, a α f (c Proof. The isomorphism and its inverse are:
where Φ is the co-cleaving map and π C : C → B is a canonical surjection. The fact that the last map is well defined can be verified by the following straightforward calculation:
where we used properties of ψ to derive the first equality, then the right A-module property of Φ to derive the second one, next (6*) to derive the third equality and Lemma 2.4* to establish the last one. Thus we conclude that the definition of γ(b) does not depend on the choice of c ∈ π 
Proof. For any
Taking M = C, ∆ M = ∆ we obtain the first assertion. Then the second assertion follows.
where π M : M → M 0 is the canonical surjection. Recall from [26] that a left C-comodule V is said to be coflat if the functor −2 C V : C M → Vec is exact. V is faithfully coflat if the functor −2 C V :
C M → Vec is exact and reflects exact sequences. 
If either C is coflat as a left B-comodule or for all c ∈ C, ϕ(c (2) (2) ), then C is faithfully coflat as a left B-comodule. Proof. The isomorphism and its inverse are: derived from the properties of ψ as well as the equation c · a = ε(c (1) · a α )c (2) α which relates the right coaction of A on C with ψ. To prove (2) one directly verifies that cocan L = cocan • ψ −1 . To prove (3) one first defines the mapῑ C : A ⊗ C →Ī C , a ⊗ c → a · c − ε(a · c (1) )c (2) . An easy calculation reveals thatῑ C = −ι C • ψ −1 , where ι C was defined in the proof of Lemma 3.3*, and thus I C =Ī C , and consequently B =B. ⊔ ⊓ Proof of Theorem 6.5*. Recall that C(B, H) is a Hopf-Galois coextension if C is a right H-module coalgebra and the canonical map cocan is bijective. It is clear that if S is bijective then so is ψ. Conversely, assume that ψ is bijective. Then C is a left H-module by Lemma 6.6*. Furthermore one finds that C coop is a left H-module coalgebra. Let c ∈ C be such that ε(c) = 1 (such a c always exists if C is nontrivial) and definẽ S : H → H, h →τ (c (1) ⊗ h · c (2) ).
Using the fact that C coop is a left H-module coalgebra and the following properties of the cotranslation map
for all i c ′i ⊗ c i ∈ C2 B C, h ∈ H, one easily verifies that h (2)S (h (1) ) = ε(h), for all h ∈ H. The remaining part of the proof is performed by dualising the π-method. 
